An analysis of nonlinear magnetostatic surface wave pulse propagation in planar ferrite-dielectric-metal ͑FDM͒ structures has been performed. The analysis was based on numerical solutions to the higher-order nonlinear SchrWdinger ͑HONLS͒ equation, with third-order (D 3 ) and nonlinear ͑Q͒ dispersion terms taken into account. The analysis focuses on ͑1͒ the crossover dispersion region for FDM structures and the point in wave-number k where the second-order dispersion parameter D 2 is a positive maximum, the Lighthill criterion for envelope soliton propagation is satisfied, and D 3 is close to zero, and ͑2͒ the end points of this crossover region where D 2 is zero. All operational HONLS equation parameters were evaluated from analytical dispersion expressions for the FDM structure and for magnetic field and structure parameters which match experiments. For ͑1͒, the pulse results indicate nondispersive propagation consistent with envelope solitons. The only effect of the Q term is to decrease slightly the propagation speed. For ͑2͒, both end points give nondispersive propagation as well. At the low-k crossover point, this result is consistent with condition D 3 QϽ0 and the existence of an analytic soliton solution. For the high-k crossover point, the nondispersive propagation is likely due simply to the relatively small value of the third-order dispersion D 3 parameter. In both cases, one finds a rapidly oscillating wave-packet structure which propagates ahead of the main pulse. For the low-k crossover point, this structure travels at approximately twice the main pulse velocity. For the high-k crossover point, the structure travels with the main pulse. The Q term has a small effect on the pulse amplitude for the low-k crossover point, and serves to reduce the pulse amplitude by 20%-30% at the high-k crossover point. PACS numbers:
I. INTRODUCTION
Due to their low-microwave loss, single-crystal yttrium iron garnet ͑YIG͒ films provide an ideal medium for research on microwave magnetic envelope ͑MME͒ solitons formed from magnetostatic wave ͑MSW͒ pulses. See, for example, Refs. 1-7. The theoretical modeling of MME solitons can be done in terms of the nonlinear SchrWdinger ͑NLS͒ equation as in the above references. As shown in Ref. 8 , such modeling yields a good match to the data under three conditions. First, the power levels must not be too high. Second, proper attention must be given to filtering effects due to the limited MSW passband. Third, accurate values for the NLS equation parameters, especially the dispersion coefficient, which correspond to the experiment must be used.
The NLS equation model is not adequate to model all observed MME soliton properties. The model fails, for example, if the power levels extend into the regime for higherorder solitons with more than one peak in the pulse envelope profile. 8 Furthermore, the usual NLS equation with the second-order dispersion term and the single nonlinear term cannot explain the observed power dependent soliton velocity data from Ref. 3 . Zaspel et al. 9 were able to model these velocity effects through the inclusion of higher-order dispersion and nonlinear terms in the NLS equation. Variants of the NLS equation with these and certain other higher-order terms are sometimes referred to as the higher-order NLS, or HONLS, equation. Various HONLS equation variants have been used to model optical bright [10] [11] [12] and dark 13, 14 envelope solitons. The NLS equation with a single additional term for third-order dispersion has been used to model nonlinear magnetostatic forward volume wave pulses in single films. 15, 16 This work presents the modeling of nonlinear MME pulse propagation in ferrite-dielectric-metal ͑FDM͒ structures in the magnetostatic surface wave ͑MSSW͒ configuration based on the NLS equation with higher-order dispersion and nonlinear response terms taken into account. The combination of the MSSW configuration, the FDM structure, and a consideration of the NLS analysis with higher-order terms presents a unique situation for the study of the effect of higher-order terms, the nonlinear MME pulse response, and soliton or solitonlike propagation characteristics.
In isolated films or slabs, the MSSW propagation configuration does not support bright soliton formation. k is the wave number, is negative for MSSW signals. The lowest-order nonlinear response coefficient Nϭ‫ץ‬ k /‫͉ץ‬u͉ 2 , where u is a complex scalar amplitude which scales with the dynamic magnetization m, is also negative. The usual condition for soliton formation in nonlinear dispersive media is that the D 2 N product is negative and this condition is not satisfied.
In FDM structures, however, the ferrite-dielectric-metal sandwich geometry modifies the k versus k dispersion curve in such a way as to produce a region in k and in frequency where D 2 changes from negative to positive. See De Wames and Wolfram 17 and Bongianni. 18 Boardman and Nikitov 19 pointed out that this inversion also leads to the possibility of MME solitons formed from MSSW pulses. Nikitov et al. 20 reported modulational instability data which were consistent with this possibility. Uehara et al. 21 modeled the MME pulse propagation in such structures based on the NLS equation. These authors also included the effect of a third-order dispersion term on the MME pulse response and found that this higher-order term serves to modify the solitonlike response.
The purpose of this work was to extend the analysis of nonlinear MSSW pulses propagation for FDM structures initiated in Refs. 21 and 22 in several ways, all based on the consequences of the D 2 Ͼ0 crossover region discussed above. First, at the crossover points, one has D 2 equal to zero and the effects of the third-order dispersion D 3 ϭ‫ץ‬ 3 k /‫ץ‬k 3 on the nonlinear pulse response may be examined in detail. Second, it turns out that D 3 has opposite signs at the D 2 ϭ0 crossover points. Third, it also turns out that D 3 has a zero crossing close to the point where D 2 has its positive maximum. The first two considerations makes it possible to use the D 2 ϭ0 crossover points to examine the effect of positive and negative values of the third-order dispersion on the pulse response. This sign change is particularly interesting because the nonlinear dispersion term in the HONLS equation, Qϭ‫ץ‬N/‫ץ‬k, is negative over the entire crossover range. At the low-k crossover point, the validity of the condition QD 3 Ͻ0 leads to analytic soliton solutions. This condition is not satisfied at the high-k crossover point. The third consideration, with D 3 ϭ0, provides the opportunity to study the effect of the k-dependent nonlinear response HONLS equation term Qϭ‫ץ‬N/‫ץ‬k on the nonlinear pulse response. The nonlinear pulse propagation analysis was based on numerical solutions to the HONLS equation with the terms indicated above included in the modeling. The analysis yielded several results. First, for k at the maximum D 2 point in the middle of the crossover region, the numerical data confirm the nondispersive solitonlike pulse propagation expected from the Lighthill criterion. The inclusion of a nonzero Q leads only to a small reduction in the pulse velocity. In the case of optical solitons, in contrast, the Q term has been reported to produce a pronounced pulse asymmetry.
Second, it is found that the D 2 ϭ0 crossover points at high and low k give quite different pulse propagation characteristics. At the low-k crossover point, where D 3 is positive and relatively large, the propagation is nondispersive and solitonlike. The soliton is accompanied by a radiative wave packet, much like in the optical case. This soliton like propagation is consistent with the existence of an analytic soliton solution at this low-k crossover point due to the QD 3 Ͻ0 condition at this point. At the high-k crossover point, where D 3 is negative and relatively small, the numerical simulations give quasi-stable pulse propagation with low dispersion. Here, there is a significant radiative tail. It is noteworthy that the high-k crossover point gives quasi-stable propagation even though the soliton condition QD 3 Ͻ0 is not satisfied. This is likely due to the small dispersion.
Section II presents details on the FDM structure, the dispersion analysis, the HONLS equation formalism and numerical solutions, and operating point considerations for the crossover wave-number regime. Section III presents numerical results on nonlinear pulse propagation at the D 3 ϭ0 point in the middle of the crossover regime and at the D 2 ϭ0 crossover points which define the soliton k region. The equations for the analytic dispersion solution for the FDM structure are given in the appendix. Figure 1 shows the geometry of the FDM structure which was used for the dispersion analysis and the numerical evaluations. The ferrite film or slab of thickness d is positioned in the yϪz plane with the propagation direction and wave-vector k along ϩy and the applied static magneticfield H along ϩz. The dielectric layer of thickness s is positioned above the ferrite layer and is capped with an infinitesimally thin metal layer. All layers are taken to be infinite and isotropic in the y and z directions. For simplicity, the dielectric layer is taken to have a relative dielectric constant of unity, the same as vacuum. Propagation is taken to be one dimensional, with no variation in the dynamic response with z. In the sӷ2/k limit, the geometry of Fig. 1 reduces to the usual Damon-Eshbach MSSW configuration for an isolated ferrite film.
II. MODEL AND ANALYSIS
For the FDM structure in Fig. 1 , one can obtain the linear dispersion relation k ϭ f (k, M s ) for the guided wave propagation in the y direction in analytic form. 22 For convenience in the extension of the analysis to the nonlinear case, FIG. 1. Schematic diagram of ferrite-dielectric-metal ͑FDM͒ structure used for the analysis. The ferrite layer of thickness d is separated from the thin metal layer by a dielectric layer of thickness s. Pulse propagation is taken to be in the ϩy direction and defined by a carrier wave-number k, as indicated. The in-plane applied magnetic-field H is perpendicular to the pulse propagation direction and along ϩz. All layers are taken to be unbounded in the y and z directions.
the magnetization of the ferrite, denoted as M s , is included specifically as a control parameter. The analytical dispersion relation may be written in the form
͑1͒
In 
͑2͒
Equation ͑2͒ may be obtained through the usual method of envelopes expansion and operator substitution, with terms extended to include the higher-order D 3 and Q terms defined in the introduction. These higher-order terms are shown in the second square bracket. Without these terms, Eq. ͑2͒ constitutes the usual NLS equation considered in Ref. 4 , for example. The v g parameter in Eq. ͑2͒ is the wave-packet group velocity in the wide packet low-power limit defined by v g ϭ‫ץ‬ k /‫ץ‬k. All derivatives are evaluated in the uϭ0 limit and at the desired operating point k and k values. Note that the Q term corresponds to the dependence of the group velocity on the wave power amplitude ͉u͉ 2 . Note also that there is an analytical soliton solution to Eq. ͑2͒ when the condition QD 3 Ͻ0 is satisfied, in contrast to the soliton solution condition ND 2 Ͻ0 which holds for the NLS equation. See Ref.
9, for example.
The v g , D 2 , and D 3 coefficients in Eq. ͑2͒ may be evaluated directly from Eq. ͑1͒. The N and Q coefficients may also be obtained from Eq. ͑1͒. This is done in three steps. The M parameter in Eq. ͑1͒ is first replaced by
One then proceeds to evaluate the appropriate derivatives. Last, one sets u to zero and obtains the N and Q expressions needed for the analysis. Analytic expressions for all of the HONLS equation coefficients in Eq. ͑2͒ are tabulated in the appendix.
As noted in the introduction, the FDM structure leads to characteristic variations in the D 2 and D 3 parameters which make possible a systematic examination of the effect of the D 3 and Q terms on the nonlinear pulse propagation. Figure 2 shows the key variations which are of interest here, namely, the crossover behavior of the second-and third-order dispersion coefficients D 2 and D 3 as a function of the wavenumber k. For the evaluations shown, the field H was set to 1.0 kOe, and 4M s and ͉␥͉ were set at the YIG values of 1750 G and 1.76ϫ10 7 rad/Oe •s, respectively. The FDM structure d and s spacing values were set at 0.028 and 0.254 mm, respectively. These values correspond to those used in MSSW modulation instability experiments on single layer YIG films. 20 The curves in Fig. 2 show that D 2 changes from negative to positive for a range of k values from about 40 to 100 rad/cm. Within this range, D 2 shows a positive maximum and D 3 changes from large and positive to small and negative for a k value close to 55 rad/cm. The vertical dashed lines at the D 2 crossover points designate the corresponding k values, labeled k 1 and k 3 at the top of the graph. The dashed vertical line at kϭk 2 designates the D 3 crossover point. Table I lists the k and k operating points, and the HONLS equation parameters for the k 1 , k 2 , and k 3 operating point positions indicated above. Note that while the Lighthill criterion ND 2 Ͻ0 is satisfied over the entire crossover range k 1 ϽkϽk 3 , the HONLS condition for analytic soliton solutions QD 3 Ͻ0 is only satisfied for k 1 ϽkϽk 2 . This is because Q is negative over the entire crossover range. The three operating points in the table will be used for the pulse propagation results given below.
It is useful to reiterate the characteristics of the dispersion and nonlinear parameters which make these points of special interest. First, it has been made clear above and elsewhere that the second-order dispersion parameter D 2 changes from negative to positive over the entire range k 1 ϽkϽk 3 and offers the possibility of soliton formation and propagation. Such effects have been studied in Refs. 21 one to examine the effects of only the third-order dispersion coefficient D 3 on the nonlinear pulse propagation. The fact that D 3 has a zero crossing in the middle of the crossover regime, is large and positive at k 1 , and is small and negative at k 3 makes these crossover points of even greater interest. Finally, the zero value of D 3 at point k 2 makes it possible to examine the effect of the higher-order nonlinear Q term on the pulse response in the absence of higher-order dispersion effects. Numerical pulse propagation results for these three situations will be considered in Sec. III.
The numerical results in the next section address these issues. First, the pulse propagation response will be examined at the kϭk 2 operating point. With D 3 equal to zero at this point, the analysis with Q also equal to zero corresponds to the standard NLS equation situation. The Q term inclusion can then elucidate the effect of this nonlinear term on the response. Second, the k 1 and k 3 end points will be considered. Here one can examine the effect of the very different D 3 values on the pulse propagation. This is done for Qϭ0. Finally, point k 3 is further examined with Q set to the correct value.
The numerical analysis was done for an initial spatial pulse in the form of a super Gaussian u͑ y, 0͒ϭu 0 e Ϫ(y/2⌬) 4 , ͑4͒
where u 0 denotes the initial envelope amplitude and ⌬ is a width parameter for the pulse. Equation ͑2͒, with appropriate numerical values for the parameters listed in Table I , was then solved by the split-step method. 23 This method allows one to obtain the spatial dependence of the pulse intensity over a range of specified times. Form these data the time dependence of the pulse intensity may be reconstructed at a specified point in space. Figure 3 shows representative ͉u͉ 2 versus time profiles for an operating point at kϭk 2 , the point for which D 3 is zero and D 2 is a positive maximum. Profiles are shown for a sequence of increasing y values, as indicated. The solid curves show profiles obtained for Qϭ0 in the standard NLS equation limit with no higher-order terms. The dashed curves show the computed profiles for the applicable kϭk 2 operating point Q value of Ϫ1.66ϫ10 7 cm/s. The initial spatial pulse was configured with an amplitude u 0 ϭ0.09 and width parameter ⌬ϭ0.0709 cm. This ⌬ corresponds to an input microwave pulse width of about 10 ns. The amplitude u 0 for the numerical calculations to follow was chosen as the lowest value u 0 which gave quasi-stable single pulse propagation. For the calculations to follow, the values of u 0 ranged from 0.06 -0.2. These u 0 values correspond to a dynamic magnetization ͉m͉ which is between 3% and 9% of M s . These conditions match those which produce solitons in typical experiments.
III. RESULTS
First consider the solid line profiles for the NLS equation limit and Qϭ0. The simulations give a propagating pulse without dispersion spreading. Although it is not readily discernable from the pulses shown, there is an evolution from the super Gaussian input pulse shape to the expected hyperbolic secant shape for solitons as the propagation proceeds. Recall that for kϭk 2 , one has ND 2 Ͻ0 and a corresponding analytic order one soliton solution to Eq. ͑2͒ with D 3 and Q set to zero. The solid line profiles in Fig. 3 for yϭ1 .0 cm and yϭ1.5 cm closely match this analytic form.
These profiles demonstrate the soliton character of the propagation for kϭk 2 . They reconfirm the result from Ref. 21 that FDM structures can support soliton propagation in the crossover region where the second-order dispersion parameter D 2 is positive. As shown by the dashed curves in Fig. 4 , the inclusion of a nonzero Q has little effect on the pulse response. These dashed line profiles indicate a slightly larger pulse velocity than for Qϭ0. There is no change in the pulse shape.
Turn now to the crossover region k 1 and k 3 end points with D 2 ϭ0. Figure 4 gives representative ͉u͉ 2 versus time profiles for kϭk 1 . The operating point parameters from Table I apply, except that the solid curves were obtained for Fig. 2 . The symbolic headers give the MSSW carrier frequency k /2 and wave-number k, the wave-packet group-velocity v g , the group-velocity dispersion D 2 , the third-order dispersion D 3 , the nonlinear coefficient N, and the nonlinear dispersion parameter Q. Detailed setup conditions and definitions of these parameters are given in Sec. II Table I and an initial spatial pulse. The time profiles were constructed at the y-propagation distances of 0.15, 0.5, 1.0, and 1.5 cm, as indicated. The solid curves are for Qϭ0. The dashed curves are for the appropriate Q value for kϭk 2 .
Qϭ0. Keep in mind that for kϭk 1 the third-order dispersion parameter D 3 is positive and large. In addition, the condition for an analytical soliton solution to Eq. ͑1͒, QD 3 Ͻ0, is satisfied. The dashed curves show the pulse results obtained for the applicable nonzero Q value from Table I . For all of the calculations, the u(y, t) starting pulse was configured with u 0 ϭ0.2 and ⌬ϭ0.0544 cm. This u 0 corresponds to a dynamic magnetization ͉m͉, which is about 9% of M s , a factor of three larger than used for the Fig. 3 results. The ⌬ value corresponds to a starting pulse width of about 10 ns, the same as for the Fig. 3 profiles. It was found that if u 0 is smaller than 0.2, the pulse cannot propagate in quasi-stable form.
The data in Fig. 4 show the main features of the pulse propagation response for kϭk 1 . The main part of the pulse takes on a solitonlike nondispersive shape at long propagation distances. The inclusion of a nonzero Q has a small effect on the amplitude and velocity of the pulse, but does not affect the main characteristics of the propagation. Note that the quasi-stable propagation characteristic obtained here is consistent with the analytic soliton condition QD 3 Ͻ0 which is valid for the kϭk 1 operating point.
The simulations also show that a rapidly oscillating wave packet is generated. This relatively wide packet appears before the passage of the pulse. The speed of this packet is about twice the pulse velocity. At yϭ1.5 cm, this packet is well separated from the main pulse. Similar rapidly oscillating packets are found in numerical simulations based on Eq. ͑1͒ for the case of optical fibers. 11 Figure 5 shows parallel numerical pulse evaluations for the operating point at kϭk 3 . The format is the same as for Fig. 4 . The operating point parameters from Table I apply, except that the solid curves were obtained for Qϭ0. The dashed curves show the pulse results obtained for the applicable nonzero Q value from Table I. Keep in mind that for kϭk 3 the third-order dispersion parameter D 3 is negative and about an order of magnitude smaller than for the kϭk 1 operating point considered above. The condition for an analytical soliton solution to Eq. ͑1͒, QD 3 Ͻ0, is not satisfied.
For all of the calculations, the u(y, t) starting pulse was configured with u 0 ϭ0.08 and ⌬ϭ0.0544 cm. This u 0 corresponds to a dynamic magnetization ͉m͉ which is about 3% of M s , about the same as for the Fig. 3 calculations and substantially smaller than for Fig. 4 . This ⌬ value corresponds to a starting pulse width of about 10 ns, the same as for Figs. 3 and 4.
The data in Fig. 5 demonstrate the pulse response for k ϭk 3 . As for kϭk 1 , the main part of the pulse takes on a quasi-stable character after some propagation time and distance has elapsed. This appears to be true in spite of the fact that the analytic soliton condition QD 3 Ͻ0 is not satisfied. One can likely attribute the quasi-stable response to the very small third-order dispersion at kϭk 3 .
The inclusion of a nonzero Q has a significant effect on the pulse at kϭk 3 when compared to the pulse response at kϭk 1 . Here, the nonzero Q results in a decrease in the pulse power amplitude by about 30%, relative to the response for Qϭ0, for long propagation times. The nonzero Q appears to have no effect on the pulse velocity. The rapidly oscillating part of the response is also different from the situation at k ϭk 1 . For kϭk 3 , this oscillating wave packet follows the main pulse at about the same velocity. The packet does not move ahead of the main pulse in time as in Fig. 4 .
IV. SUMMARY AND CONCLUSION
Investigations of the influence of higher-order NLS equation terms on MSSW pulse propagation in FDM structures have been performed. In particular, the analysis focuses ͑1͒ on the crossover region in dispersion for which the Lighthill criterion for soliton propagation, ND 2 Ͻ0, is satisfied, and ͑2͒ on the end points for this crossover region where the second-order dispersion parameter D 2 is zero. At the low-k crossover point, the HONLS equation condition for an analytic soliton solution, QD 3 Ͻ0, is satisfied. At the high-k crossover point, this condition is not satisfied. All HONLS equation parameters for the different operating points were obtained from analytical dispersion expressions for the FDM structure under typical MSW experimental conditions. Table I and an initial spatial pulse as indicated. The time profiles were constructed at the y-propagation distances of 0.5, 1.5, and 3.0 cm, as indicated. The solid curves are for Qϭ0. The dashed curves are for the appropriate Q value for kϭk 1 .   FIG. 5 . Pulse profiles from the numerical simulations for wave-number point kϭk 3 in Table I and an initial spatial pulse. The time profiles were constructed at the y-propagation distances of 0.5, 2.5, and 3.5 cm, as indicated. The solid curves are for Qϭ0. The dashed curves are for the appropriate Q value for kϭk 3 .
The results are twofold. First, they show that, in the k range where D 2 is a positive maximum, the pulse propagation is nondispersive, as expected in the regime where the Lighthill criterion is satisfied. This point in k also corresponds to a zero crossing in the third-order dispersion parameter D 3 , which makes it possible to examine the effect of the nonlinear dispersion Q term on the pulse response. The numerical data show that a nonzero Q term has little effect on the pulse propagation, except for a small decrease in the pulse velocity.
The second result concerns the end points in k for the positive D 2 region. At the low k end point, where the QD 3 Ͻ0 HONLS equation condition for an analytical soliton solution is valid, one finds nondispersive solitonlike propagation. This is true in spite of the rather large value of the third-order dispersion D 3 parameter. Here too, there is no major effect of a nonzero Q on the propagation properties. The only Q effect is a small change in amplitude. At the high-k end point, where the QD 3 Ͻ0 HONLS equation condition for an analytical soliton solution is not valid, one also finds nondispersive solitonlike propagation. This is tentatively attributed to the relatively small value of the D 3 parameter at this k point. Both end points yield an additional rapidly oscillating envelope signal, which precedes the main pulse. At the low-k crossover point, this signal travels roughly twice as fast as the main pulse. At the high-k crossover point, this signal travels just ahead of the main pulse.
